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Abstract

Federated learning (FL) provides an effective paradigm to train machine learning
models over distributed data with privacy protection. However, recent studies
show that FL is subject to various security, privacy, and fairness threats due to the
potentially malicious and heterogeneous local agents. For instance, it is vulnerable
to local adversarial agents who only contribute low-quality data, with the goal of
harming the performance of those with high-quality data. This kind of attack hence
breaks existing definitions of fairness in FL that mainly focus on a certain notion
of performance parity. In this work, we aim to address this limitation and propose
a formal definition of fairness via agent-awareness for FL (FAA), which takes
the heterogeneous data contributions of local agents into account. In addition, we
propose a fair FL training algorithm based on agent clustering (FOCUS) to achieve
FAA. Theoretically, we prove the convergence and optimality of FOCUS under
mild conditions for linear models and general convex loss functions with bounded
smoothness. We also prove that FOCUS always achieves higher fairness measured
by FAA compared with standard FedAvg protocol under both linear models and
general convex loss functions. Empirically, we evaluate FOCUS on four datasets,
including synthetic data, images, and texts under different settings, and we show
that FOCUS achieves significantly higher fairness based on FAA while maintaining
similar or even higher prediction accuracy compared with FedAvg.

1 Introduction

Federated learning (FL) is emerging as a promising approach to enable scalable intelligence over
next-generation mobile networks [11,|19]]. It transforms the machine learning ecosystem from “cen-
tralized over-the-cloud" to “decentralized over-the-edge" in order to (a) alleviate the communication
bottleneck for pooling massive amounts of data from millions of local users, (b) protect users’ privacy
by avoiding data egress from their devices, (c) provide personalized intelligent services effectively,
and (d) enable large-scale model training.

Despite significant recent milestones in FL, recent studies show that FL is vulnerable to different
training-time attacks due to the untrusted local agents [4} 5, 28] and privacy attacks even if there is
only one adversarial local agent [[15,[24]. Given such untrustworthiness and heterogeneity nature of
local agents in FL, especially in the non-1ID setting, it is natural to ask: Can we ensure the fairness of
the final learned model for agents? Indeed, considering the wide application of FL, including medical
analysis [31} 1], recommendation systems [25} 3], and personal Internet of Things (IoT) devices [2],
it is vitally important to ensure the fairness of FL before its large-scale deployment.

There has been a line of research exploring fairness in federated learning. However, current studies
either focus on the fairness of the final trained model regarding the protected attributes without
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considering different “contributions” of agents [6,[14] or focus on accuracy parity across agents [20, 9}
20]. Several works have taken the contribution of agents into account, while the metric of contribution
measurement varies, including the predefined contributions of agents [35]], local data quality [35} [16],
and local data sizes [[10]]. In this work, we take into account the heterogeneity of local agents’ data
and aim to define and enhance the fairness via agent-awareness for FL (FAA). In particular, for
FL trained with standard FedAvg [23]], if we denote the data of agent e as D, with n, the size of
D, and the total number of data as n, the final trained model aims to minimize the loss with respect

to the uniform distribution P = Zle “ D., where F is the total number of agents. Obviously, in
practice, some local agents may have low-quality data (e.g., free riders), so intuitively it is “unfair”
to train the final model regarding such uniform distribution over all agents, which will sacrifice the
performance of agents with high-quality data. Thus, in this work, we propose to define the fairness of
the local agents in FL via agent-awareness based on the excess risk of each agent e, which stands for
the loss of the final model parameterized by 6 subtracted by the Bayes error [27] of the local data
distribution: &.(0) = L() — min,, L(w). The overall fairness of FL. (FAA) is then expressed as:

F(0) = maxe, e,cp ’Sel (0c,) — e, (962)’, where F denotes the set of local agents.

Based on our definition of fairness in FL via agent awareness (FAA), we propose the fair FL algorithm
based on agent clustering (FOCUS) to improve the fairness of the trained models. Specifically, we
first cluster the local agents based on their data distributions and then train a model for each cluster.
During inference time, the final prediction will be the weighted aggregation over the prediction
result of each cluster-based model. Theoretically, we prove that the final converged stationary point
of FOCUS is exponentially close to the optimal clustering assignment under mild conditions. In
addition, we prove that the fairness FAA of FOCUS is strictly higher than that of FedAvg under both
linear models and general convex losses. Empirically, we evaluate FOCUS on four datasets, and
we show that FOCUS achieves higher fairness measured by FAA than FedAvg, while maintaining
similar or even higher prediction accuracy.

Technical contributions. In this work, we focus on defining and improving the fairness of FL by
taking the heterogeneous data contributions of local agents into account. We make contributions on
both theoretical and empirical fronts.

* We formally define the fairness via agent-awareness for FL (FAA) based on the agent-level excess
risks by taking the heterogeneity nature of local data into account.

* We propose a fair FL algorithm based on agent clustering (FOCUS) to improve fairness measured
by FAA, especially in the non-IID settings. We prove the convergence rate and optimality of
FOCUS under linear models and general convex losses.

* We prove that FOCUS achieves stronger fairness measured by FAA compared with FedAvg on
both linear models and general convex losses.

* Empirically, we compare FOCUS with FedAvg on four datasets, including synthetic data, images,
and texts under non-IID data settings. We show that FOCUS indeed achieves stronger fairness
measured by FAA while maintaining similar or even higher prediction accuracy on all datasets.

2 Related work

Fair Federated Learning Fairness in FL has attracted great attention. Multiple frameworks have
attempted to address the fairness issue by enforcing accuracy parity and its variants among agents in
FL. Li et al. [20] first defined agent-level fairness by considering the accuracy equity across agents
and achieved the fairness by regularizing the agents with worse performance to have a higher weight
in the final objective function. However, this definition of fairness fails to capture the heterogeneous
nature of local agents. Mohri et al. [26] pursues accuracy parity by improving the worst-performing
agent. In addition, it [33]] aims to reduce the disparity during the aggregation step [33], where the
server takes care of the gradients with high conflicts (e.g., have negative inner products or magnitudes
with large differences) before aggregation in each round. [35] predefines the agent contribution levels
based on an a priori assessment of data, which lacks quantitative measurement metrics in practice,
while we estimate the agents’ inherent distribution directly based on the model performance.

Clustered Federated Learning Clustered FL algorithm is initially designed for multitasking
and personalized federated learning, which assumes that agents can be naturally partitioned into
clusters [12} 34} 130, 22]. The existing clustering criterion includes the clustering mechanism, which



aims to achieve the lowest loss [12], or to optimize the clustering center to be close to the local
model [34]. Another common metric is the gradient similarity, where agents with similar gradient
updates (with respect to, e.g., cosine similarity [30]) are assigned to the same group. Besides the
more straightforward hard clustering, soft clustering has also been proposed [22| (18] 29, |32], which
enables the agents to benefit from multiple parties. However, none of these works considers fairness
and its implications, and our work will make the first attempt to bridge them.

3 Fair Federated Learning on Heterogeneous Data

In this section, we first define fairness via agent-awareness (FAA) under the setting of federated
learning with heterogeneous data, and then introduce our fair federated learning based on agent
clustering (FOCUS) algorithm to achieve FAA.

3.1 Fairness via Agent-Awareness under FL with Heterogeneous Data

Given a set of F agents participated in the FL training process, each agent e only has accesses to
its local dataset: D, = {(x,ye)};<,, which is sampled from a distribution P.. The overall goal
is to minimize the population loss Lz () based on the local loss L.(6.) of each agent through
communicating privacy-preserving gradient information:

D,
EE(Q) = Z | “ce(ee)v £e(96) = E(m,y)epgg(h& (.13), y)- (1

ecE n

where /(- -) is a loss function that measures the difference between model prediction hg_(x) and
target label y and n represents the total number of training samples.

In such a training scenario, agents across the federated network may have heterogeneous data, causing
the final model to sacrifice the performance for partial or all agents. Regarding this issue, the existing
study defines agent-level fairness based on the accuracy equity among agents [20]. However, such a
fairness definition fails to capture the heterogeneity of local data distributions. For instance, consider
a simple scenario when an agent e samples its data from random noises. The fairness defined by
accuracy equity does not provide meaningful measurement since the test accuracy of e cannot be
improved anyway. Moreover, adopting the fairness metric of accuracy equity among agents as
a training objective might lead to unforeseen subsequences for agents with heterogeneous data.
Intuitively, the performance of the agents with high-quality data distribution (e.g., clean or better
generality) can be severely compromised by the agents with low-quality data (e.g., noisy or lower
generality). This will not only impair the overall performance of the aggregated model but also lead
to unfair performance for agents with high-quality data. That is to say, the measurement of fairness in
FL should be able to recognize and characterize the distinctions of data distributions (contributions)
among agents. To provide such a fairness definition for FL considering the contribution of local
agents, we define FAA: fairness via agent-awareness for federated learning as follows:

Definition 1 (Fairness via agent-awareness for FL. (FAA)). Suppose a set of agents E takes part
in a federated learning framework. The overall fairness among all agents is defined as the maximal
excess risk difference between two agents.

‘7:(9) = Imax 561 (061) - 562 (062) . (2)

e1,e2€E

where the excess risk for an agent e € E represents the population loss (L.(-)) difference between
the aggregated model and the Bayes optimal error on the data distribution

E(0)=L.(0) — HE}D Le(w). (3)

Definition [I]is a data-dependent measurement of agent-level fairness. Instead of forcing accuracy
equity among all agents regardless of their data distributions, we define agent-level fairness as the
equity of excess risks among agents that model the local data contribution. We claim that this
definition provides meaningful measurements even in the worst case, i.e., when some agents have
random noises as local data, as shown in section |5} We note that lower FAA indicates stronger
fairness among agents according to the definition.



3.2 Fair Federated Learning on Heterogeneous Data via Clustering (FOCUS)

Method Overview. To achieve the fairness definition FAA defined in Section[3.1I] we provide an
agent clustering-based FL algorithm (FOCUS) by partitioning agents based on their data properties.
The key intuition is that grouping agents with similar data distributions together makes FL fair since
it reduces the intra-cluster data heterogeneity. Such principle has also been used for other purposes,
such as personalization [22]. We will analyze the fairness achieved by FOCUS and compare it with
the standard FedAvg both theoretically (Section[4.2)) and empirically (Section ).

We first elaborate our FOCUS algorithm, which leverages the Expectation-Maximization algorithm for
agent clustering. We define M as the number of clusters and E as the number of agents. The goal of
FOCUS is to simultaneously optimize the soft clustering labels II and model weights 1. Specifically,
II = {Tem }ec|E),me[m) are the dynamic soft clustering labels, representing the estimated probability
that agent e belongs to cluster m; W = {wiy, }me(ar) represents the model weights for M trained
models based on different agent clusters. Suppose there are I agents with datasets D1, ..., Dg. Our
FOCUS algorithm follows a two-step scheme that alternately optimizes II and W.

E step. Expectation steps update the cluster labels IT given the current estimation of (IT, ). In the
k-th communication round, the server broadcasts the M/ models to all agents and asks them to report

the expected training loss E, e p, £(z, ; wﬁn)) for each model m € [M]. The server then updates
the soft clustering labels 11 accordlng to Eq. ().

M step. The goal of M steps in Eq. (9) is to minimize a weighted sum of empirical losses for all
local agents. However, given distributed data, it is impossible to find its exact optimal solution in
practice. Thus, we specify a concrete protocol in Eq. @) ~ Eq. (6) to estimate the objective in Eq. ().
At the k-th M step, the central server broadcasts weights wqu ) of the M models to every agent. Each
agent e first initializes its models 95m as w,(fi ), and then updates the models using its own dataset.
To reduce communication costs, each agent is allowed to run SGD locally for 7" rounds as shown

in Eq. . After T rounds, each agent should send the updated models 99,;2 back to the central
server; and the server synchronizes the models by a weighted average of all agents. We will provide
theoretical analysis for the convergence and optimality of FOCUS considering these multiple local
updates in Section [4]
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Inference. At inference time, each agent ensembles the M models by a weighted average on their

predlctlon probabilities, i.e., a agent e predicts Ei\n{ 1 Temhuw,, () for input z. Suppose a test dataset
Dtest is sampled from dlstrlbutron ‘Pe. The test loss can be calculated by

M
Lient(W,II) = |Dt1m| S (D memhu(@)) )

(x,y)eDtest m=1

For unseen agents that do not participate in the training process, their clustering labels II are unknown.

Therefore, an unseen agent e should compute its one-shot clustering label ﬁéi,)“ m € [M] according

to Eq. (8); and outputs predictions Zm 1 75 heo, () for the test sample x.

4 Theoretical Analysis of FOCUS

In this section, we first present the convergence and optimality guarantees of our EM-based FOCUS
algorithm; and then prove it improves the fairness of FL regarding FAA among agents. Our analysis
considers linear models with Gaussian data distribution and then extends to nonlinear models with
smooth and strongly convex loss functions.



Algorithm 1 EM clustered federated learning algorithm
Input: Data D1, ..., Dg; E remote agents and M learning models.

Initialize weights w( and 7y, = - form € [M] and e € [E].
fork=0to K —1do
for agent e € [E] do
for model m € [M] do .

E step: ) Term exp( E(zyy)eDeé(m,y;ws,lf)))

em (8)
end for S e eXp( E(zyyep (T, y; wﬁr]f)))
end for
for model m € [M] do
M step:
Wk arg mmZﬂg’le) Ze( (=), yff)) ©)
end for = i=1
end for

return model weights wff )

4.1 Convergence Analysis

Linear models We first start with linear models for analysis simplicity. Suppose there are F agents,
each with a local dataset D, = {(mgf), ygl)) 71, (e € [E]) generated from a Gaussian distribution.

Specifically, we assume each dataset D, has a mean vector s € R?, so (xg ), yg )) is be generated by

Y = = pl Tl 4 ) where 2" is a random vector 2t ~ N/(0, §214) and the label v is blurred

by some random noise €. ~ A (0,02).

Each agent is asked to minimize the mean squared error to estimate (., so the empirical loss function
for a local agent given dataset D, is
1 &
L Dejw) = — wT () — 42, 10

emp( € ) Ne ;( e ye ) ( )
We further make two assumptions about the heterogeneous agents.
Assumption 1 (Separable distributions). Suppose there are M predefined vectors {ci,...,car}.
These vectors are Separable distributions if for any my,ma € [M], ||¢in, — cm,|| > R. E agents are
divided into M subsets S1,...,Sn. Forany agente € Sy, ||pte — cm|| <7 < E

Assumption 2 (Proper initialization). Suppose we train M models and 7T(O) = M,Ve m. Also
assume we pick an initialization w,y, for each model m € [M|, such that
(0) R
[lwy, —cm\\ga:§—r—A0. (11)

for some Ay > 0.

Assumption [T| guarantees that the heterogeneous data distributions are separable so that there exists

an optimal clustering, in which {cj,. .., c},} are the centers of clusters. We also make assumptions

for weights initialization in Assumption to ensure a slight bias for initialized weights wy(,?) towards

one of the cluster centers wy,.

We present Theorem I to demonstrate the linear convergence rate to the optimal cluster centers for
FOCUS given Assumption [I|and Assumption[2] Detailed proofs can be found in Appendix [A.T]

Theorem 1. With initialization Wé?,)L = Al/[ and ngg) —cm|l < % — 1 — Aq for some Ay > 0,

assuming ne = O(d), if learning rate n < mm(452, TJ/Q) the weights (I1, W) converge by

1
(k) 5 12
Tem = 10 (M — 1) - exp(—2R62Aok) (12)

2ym 62 B
2
M~ M(1 - 2mmoT

2 77L62
Eflwly - enl3 < (1= ZHE) T () = 3 + 4) + (13)

where k is the total number of communication rounds, and

A= IO g 320352, 4 1SS G EO(, o). (14)
M Xpl—




Proof sketch. To prove this theorem, we first consider E steps and M steps separately to derive two
lemmas (Lemmasﬂ]and E]) In E steps, the soft cluster labels 7., increase for all e € .S,,, as long as
Hw,(ff ) eml < waqf,) — ¢ ||, Vm/ # m. On the other hand, ngf) — ¢ || are guaranteed to shrink
linearly as long as 7, is large enough for any e € S,,,. We then integrate Lemmas [T|and 2]and prove
Theorem [T]using an induction statement.

Remarks. Theorem E] shows the convergence of parameters (I, W) to a near optimal solution
given linear models. The error term A diminishes exponentially, while the error floor B depends on
intra-cluster distribution divergence r and noise level ¢. Moreover, this error floor B diminishes as
the learning rate 7 decreases.

Smooth and strongly convex loss functions Next, we extend the convergence analysis to a more
general case where the loss functions are L-smooth and p-strongly convex.

Assumption 3 (Smooth and strongly convex loss functions). The population loss functions L.(0)
for each agent e is L-smooth,

IV2L(0)l]2 < L (15)

and p-strongly convex, i.e., the eigenvalues \ of the Hessian matrix V2£e(9) satisfy:
Amin(VZLe(0)) > p. (16)
Assumption 4 (Separable distributions). E agents are partitioned into M subsets S1, ..., Sn. The

population loss function L.(0) of agent e reaches its minimum at 0%. All agents e € S,,, are assumed
to share similar data distribution, so that their optimal weights 07 are close to each other:

07 —wr, |l < (17

ml
On the other hand, agents from different subsets have very different data distributions, so
Wi, — Wi, | = R, Vma,mo € [M],my # ma. (18)

Assumption 5 (Proper Initialization). Let wé?,)L = ﬁ and

[0l —w* || < o= fR —r— A, (19)

for some Ay > 0.

Theorem 2. Suppose loss functions have bounded variance for gradients on local datasets, i.e.,
E(z.)p. IV, y;0) — VL(0)|]3] < 0. Assume population losses are bounded, i.e., L. €

G,Ve € [E]. With initialization 78 =L and waﬁ) —wk || < VIR A for some Ag > 0,

em — \/ﬁ+\/z
if each agent chooses learning rate n < min(m, %) the weights (I1, W) converges by
1
(k) > vte S 20
Tem = 777 (M — 1) exp(—puRAgn)’ B 20)
Ellwi) —wp,[I* < (1= nA)* (Jwl) — w1 + B) + S @21
m m — m m 1_ (1_77A)T
where k is the total number of communication rounds, and
4L 6
M p+ L’ (1 =nA)T — exp(—puRAo) ’
202 2

C =n'"38*3(2ym Lry/ % +0(r%) + % - n4/3ﬁ2/3En—”. (23)

Proof sketch. We analyze the evolution of parameters (II, W) for E steps in Lemma and M steps
in Lemma@ Lemma shows that the soft cluster labels 7., increase for all e € .S,,, in E steps as
VER
N
closer to the optimal solution w};, in M steps. We combine Lemmas [3|and [4] together by induction to
prove this theorem. Detailed proofs are deferred to Appendix[A.2.3 O

long as ||wy, — wk, |2 < — r; whereas Lemma 4| guarantees that the model weights w,,, get




Remarks. Theorem [2]extends the convergence guarantee of (II, W) from linear models (Theorem|T)
to general models with smooth and convex loss functions. For any agent e that belongs to a cluster
m (e € Sp,), its soft cluster label 7., converges to 1. Meanwhile, the model weights W converge
linearly to the optimal weights of each cluster with an error floor C. Given proper learning rate, the
error floor C' depends on the intra-cluster distribution deviation r and variance o, regardless the local
iterations in each round 7T to allow optimal local updates.

4.2 Fairness Analysis

To theoretically show FOCUS achieves higher fairness in FL based on FAA, we focus on a simple
yet representative case in which all agents share similar distributions except one outlier agent.

Linear models We first concretize the outlier distribution scenario for linear models. Suppose we

have F agents learning weights for M linear models. Their datasets D.(e € [E]) are generated
by yél) = ,ung) — 9 with 29 ~ N(0,6°1,) and D N(0,0%). E — 1 agents learn from
normal dataset with ground truth vector 1, ..., ug—1 with ||ge — p*||2 < r, while the E-th agent
has an outlier data distribution, with its the ground truth vector p g far away from other agents, i.e.,

lwe —p*ll2 > R.

As we stated in Theorem the model weights (II, W) converge linearly to the global optimum.
Therefore, we analyze the fairness of FOCUS, assuming an optimal (IT, W) is reached.

We compare Fg s with the fairness achieved by the FedAvg algorithm [23]] to underscore how agent
clustering helps mitigate the unfairness among different agents.

Theorem 3. When a single agent has outlier distribution, the fairness FAA achieved by FOCUS
algorithm with two clusters M = 2 is

Feu(W,II) < §6%r. (24)
while the fairness FAA of FedAvg algorithm is

R*(E —2)—2Rr
E

Fang(W) > 52( + r2) = Q(5%R?). (25)

Proof sketch. According to Theorem[] the agents e € [E — 1] with similar distributions converge to

E
the same cluster, producing an aggregated model w,,, = ngillu <; while the outlier agent is separated
from normal agents and train another model w,,,, on its own. The detailed proofs are based on these
observations and are deferred to Appendix O

Remarks. When a single outlier exists, the fairness gap between the Fedavg algorithm and FOCUS
is shown by Theorem 3]
R?*(E —2) —2Rr
Foug(W) = Fops(w,11) > g2 (LEZ 22200, 26)

As long as R > EQ:Q, FOCUS is guaranteed to be fairer than Fedavg in terms of FAA. We only
discuss the scenario of a single outlier agent here for clarity, but similar conclusions can be drawn for

multiple underlying clusters and M > 2.

Smooth and strongly convex loss functions We generalize the fairness analysis for linear models
to nonlinear models with smooth and convex loss functions. To illustrate the superiority of our
FOCUS algorithms in terms of fairness based on FAA, we similarly consider training in the presence
of an outlier data distribution.

Suppose we have E agents that learn weights for M models. We assume their population loss
functions are L-smooth, u-strongly convex (as in Assumption [3) and bounded, i.e., £.(0) < G.
E — 1 agents learn from similar data distributions. Specifically, we assume the total variation
distance between the distributions of any two different agents ¢, j € [E — 1] is not greater than 7:
Drvy (P;, Pj) < r. On the other hand, the E-th agent has an outlier data distribution, such that
Lp(0F) — Lg(0%) > Rforany ¢ € [E — 1]. We claim that this assumption can be reduced to a

lower bound on H-divergence [37]] between distributions P; and P that Dy (P;, Pg) > %. (See
proofs in Appendix [B.3])



Theorem 4. The fairness FAA achieved by FOCUS with two clusters M = 2 is

2Gr
E—-1

Fen(W,II) < 27

while the fairness of FedAvg algorithm is

E-1 L L(E-1) L? 2L L
> (= — o S R _ =
]-'Mg(W)_( - MEQ) (1+ e MQE)B SE\BR-UB) 0
whereBzggl.

Proof sketch. According to Theorern agents that normal distributions e € [F — 1] would converge

E—1 px
to the same cluster and produce a model w,,, = ZEE:_lle“ .; while the outlier agent trains another
model w,,, on its own. We proof Theorem ] based on these observations in Appendix O

Remarks. Specifically, when the outlier distribution is very different from the normal distribution,
such that R >> Gr (which means B < R), we simplify Eq. (28) as
E—-1 L
> (=—— - —)R.
FuaW) 2 (T~ — )R 29)
Note that F;(W,II) < B < R, so the fairness FAA of FedAvg F,, (W, II) is always larger than

FAA of FOCUS Fy (W), aslongas E > /L

e
5 Experimental Evaluation

We conduct extensive experiments on various non-IID data settings to evaluate the fairness measured
by FAA for FOCUS and FedAvg [23]. We show that FOCUS achieves significantly higher fairness
measured by FAA compared with FedAvg while maintaining similar or even higher accuracy.

5.1 Experimental Setup

Data and Models. We carry out experiments on four different datasets with heterogeneous data
settings, ranging from synthetic data for linear models to images (rotated MNIST [7]] and rotated
CIFAR [[17]), to text data for sentiment classification on Yelp [36] and IMDb [21] datasets. We train
a fully connected model consisting of two linear layers with ReLU activations for MNIST, a ResNet
18 model [13]] for CIFAR, and a pre-trained BERT-base model [8]] for the text data. We refer the
readers to Appendix [C]for more implementation details.

Evaluation Metrics. We consider three evaluation metrics: average test accuracy, average test loss,
and FAA for fairness. For FedAvg, we evaluate the trained global model on each agent’s test data;
for FOCUS, we train M models corresponding to M clusters, and use the soft clustering labels
II = {Tem fec|E),me[m) to make aggregated predictions on each agent’s test data.

To evaluate FAA of different algorithms, we need to estimate the Bayes optimal loss min,, £.(w) for
each local agent e. Thus, we train a centralized model based on each subset of agents with similar
data distributions (i.e., the same ground-truth cluster) and use it as a surrogate to approximate the
Bayes optimum. We select the agents with maximal and minimal excess risks among all, which
represents the worst agent pair in terms of fairness, and calculate its gap as FAA (Definition[I). Note
that lower FAA indicates stronger fairness by definition.

5.2 [Evaluation Results

Synthetic data for linear models. We first evaluate FOCUS on linear regression models with
synthetic datasets. We setup E' = 50 agents with data sampled from Gaussian distributions. Each

agent e is assigned with a local dataset of D, = {(x((f), yél)) e, generated by yéi) = ,LLZJ:S) +e

with 2" ~ A7(0, I) and € ~ A/(0, 52). We study the case considered in Sectionwhen asingle
agent has an outlier data distribution. We set the intra-cluster distance r = 0.01 and the inter-cluster
distance R = 1 in our experiment. Table|l|shows that FOCUS achieves FAA of 0.001, which is much
lower than the FAA 0.958 by FedAvg. Note that since it is a regression task, we mainly report the
average test loss instead of accuracy here.



Table 1: Comparison of FOCUS and FedAvg on different datasets in terms of average test accuracy, average
test loss, and fairness FAA. FOCUS achieves stronger fairness measured by FAA compared to FedAvg.

Synthetic Rotated MNIST Rotated CIFAR Yelp/IMDb
FOCUS FedAvg FOCUS FedAvg FOCUS FedAvg FOCUS FedAvg

Average test accuracy - - 0.953 0.929 0.876 0.843 0.940 0.940
Average test loss 0.010 0.031 0.152 0.246 0.272 0.873 0.186 0.236

FAA 0.001 0.958 0.094 0.363 0.587 2.933 0.064 0.098
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Figure 1: The excess risk of different agents trained with FedAvg and FOCUS. C1, C2 denote cluster 1, cluster2.
Left: MNIST; right: sentiment classification on text data.

Rotated MNIST and CIFAR. Following [12]], we rotate the images MNIST and CIFAR datasets
with different degrees to create data heterogeneity among agents. Both datasets are evenly split into
10 subsets for 10 agents. For MNIST, 2 subsets are rotated for 90 degrees, 1 subset is rotated for 180
degrees, and the rest 7 subsets are unchanged, yielding an FL setup with three ground-truth clusters.
Similarly, for CIFAR, we rotate the images of 3 subsets for 180 degrees, thus creating two clusters.

As shown in Table [T} FOCUS achieves higher average test accuracy, lower average test loss, and
lower FAA on both datasets. Fig.|1|(left) shows the surrogate excess risk of every agents on MNIST.
We can observe that for the outlier cluster that rotates 180 degrees (i.e., 3rd cluster), the single global
model of FedAvg has the highest test loss of 0.61, resulting in high excess risk in the 9th agent.
Moreover, the low-quality data of the outlier cluster affect the agents in the 1st cluster, which leads to
higher excess risk than that of FOCUS. On the other hand, FOCUS successfully identifies clusters
of the outlier distributions, i.e., cluster 2 and 3, rendering models trained from the outlier clusters
independent from the normal cluster 1. As shown in Fig. [T} our FOCUS reduces the excess risks of
all agents, especially for the outliers. This leads to a more uniform excess risk distribution among
agents. Similar trends are also observed in CIFAR, in which our FOCUS reduces the surrogate excess
risk for the 9th agent from 2.74 to 0.44. We omit the loss histogram of CIFAR to Appendix [C|

Sentiment classification. For the sentiment classification task, Yelp (restaurant reviews) and IMDb
(movie reviews) datasets naturally form data heterogeneity among 10 agents and thus create 2 clusters.
Specifically, we sample 56k reviews from Yelp datasets distributed among 7 agents and use the whole
25k IMDB datasets distributed among 3 agents to simulate the non-IID data setting.

From Table |1} we can see that while the average test accuracy for FOCUS and FedAvg is close,
FOCUS achieves a much lower average test loss. Moreover, our FAA is significantly lower than
FedAvg, indicating higher fairness. We also observe that the excess risk on the outlier cluster (i.e.,
the 2nd cluster) drops significantly than that of FedAvg from Fig.[I] (right).

6 Conclusion

In this work, we provide an agent-level fairness measurement in FL. (FAA) by taking the inherent
heterogeneous data properties of agents into account. Motivated by our fairness definition in FL, we
also provide an effective FL training algorithm FOCUS to achieve high fairness. We theoretically
analyze the convergence rate and optimality of FOCUS, and we prove that under mild conditions
FOCUS is always more fair than the standard FedAvg protocol. We conduct thorough experiments
on synthetic data with linear models as well as image and text datasets on deep neural networks. We
show that not only FOCUS achieves stronger fairness than FedAvg, but also FOCUS achieves similar
or even higher prediction accuracy across all datasets. We believe our work will inspire new research
efforts on exploring the suitable fairness measurements for FL under different requirements.
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A Convergence Proof

A.1 Convergence of Linear Models (Theorem 1)
A.1.1 Key Lemmas

We need to state two lemmas first before proving Theorem [T}

Lemma 1. Suppose e € S, and the m-th cluster is the one closest to ¢,,. Assume ||w$,’f) —cm|| <
a < B <min, ||wfjf) — ¢m||- Then the E-step updates as

)
7T(k?+1) > em (30)

T = al) e (= (82 - a2 = 2(a + p)r)2)

Remark. Our assumption of proper initialization guarantees that ||w,(,?) — ¢ || < « while Vm/, we
have [|wy, — cmll2 > lem — |l — lwms — g, || = R — «. Hence, we substitute 8 = R — « and

o= % —r — A, which yields
i)
) = & , Ve€Sn (31)
Tem + (1 — mem ) exp(—2RAH2)

For M-steps, the local agents are initialized with 96m = wﬁn) Then fort =1,...,T — 1, each agent

use local SGD to update its personal model:

of(ai;{l) = Uem — ntgem(aem) ntv Zf Oem I" (Z)) (32)

To analyze the aggregated model Eq. (EI), we define a sequence of virtual aggregated models wa).

(t) i ﬂemegrzz
Wit = e SR (33)
e=1 Ze’:l Te'm
Lemma 2. Suppose any agent ¢ € Sy, has a soft clustering label 7r(k+1) > p. Then one step of local
SGD updates w,(,) by Eq. (3 , if the learning rate 1, < ﬁ.
E[df" = enll3 < (1= 2007mpd® B[ — 3 + mAr + 07 Az, (34)

d
Ay = 4y,10% + 26°E(1 — p), Ay = 16 E(T — 1)25* + O(—)E(6* + §%0?) (35)
Ne
Remark. Using the recursive relation in Lemma if the learning rate 7); is fixed, the sequence zi),(fl)
has a convergence rate of

Ed{) = cmll3 < (1= 207mpd®) B[S — coll5 +nt(Ar + nAs). (36)
A.1.2 Completing the Proof of Theorem I]

We now combine Lemma|[I]and Lemma|Z| to prove Theoremm The theorem is restated below.

Theorem With initialization &% = + and me —cml|| < = —1r — Ag for some Ay > 0,

assuming n. = O(d), if learning rate n < min(gz, TS/Q) the Welghts (I1, W) converge by

1
*) 7
Tem = 14 (M —1)-exp(—2R62Aok) (37

21 Ym 6> 21Ym 6> B
(k) 2 N Ym kT 0) 2 nYm
Bl = enlf < (1= ST () = enli o+ A) 4 TR O
where k is the total number of communication rounds, and
A= ‘ 2ET(M—1)52 B = 4771/352/352%17“ + 16E5452 + 174/3/32/35EO(54 + 5202). (39)

(1= 22820m )T _exp(—2R32A)
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Proof. We prove Theorem [ by induction. Suppose
1

(k) > 40
Tem = T (M — 1) exp(—2R0?Aok) 0
20y 02 201,60
(k) _ 2 MmO \kT 0) _ 2 _ AMYmO” kT _ 2
Bl — enll? < (1= Z025 ) (uf® — e)[2) + A((1 = 2T — exp(—2R52A0k) )

21ymd° B Al
M —M(1— 2"7"/m62)T “1)
M
O
Then according to Lemmal[T]

ok +1) i

em > em (42)
ﬂ'é]f,z (1-— wﬁ’f,{) exp(—2RAy6?)
1

> 43
T 14+ (M —1)exp(—2R62Agn) exp(—2RA(6?) (“43)

1
(44)

T (M = Doxp(—2RAR(E+ 1))

We recall the virtual sequence of 0, defined by Eq. (33). Since models are synchronized after T

rounds, the know wfn) = w(k) and w(kH) o)

Note that instead of proving Eq. (38)), we prove a stronger induction hypothesis of .

L

=E[[oSD — cn? (45)
< (1= 20ympd?) TE| 0l — ¢ ||? + 0T (A1 +nAs) (46)

2Ny 02 20y 02
< (1= 23mp0) (1 = ZEE )T a0l — 2 4+ A((1 = =E2)MT — exp(—2R200%k))
20vmd2 B
"m0 ) T (4ymrd? + 262E(1 — p)) + n*T Ay @7)

M —M(1— 2nvm,62)T

2Ny 02
< (1 773/\4 )(k+1)THu} Cm||2

2
+ A1 - 2”7\’4”5 YEFDT — Aexp(—2RA06%k) (1 — %)T +252E(1 — p)

D
20ym6% 21ym 6> B 2, 2
+(1- 7 ) MM )T + ATy rd® + n°T A, . (48)
Do

Note that 1 — p < (M — 1) exp(—2RAo6%k), so

s ). We then apply Lemmato prove the induction.

2
Dy < A(1 - 2777\25 YT _ Aexp(—2RA(5°k) (1 — %)T +20°ET(M — 1) exp(—2RA¢6°k)

20y m 62
< A((1 - ”K; YFHDT _ exp(—2RAGS (k + 1)) (49)
Byn < TS/Q,we have
277’Ym52 T 277’Ym<523 1/3 52/3 2 4 92 4/3 p2/3 4
Dy < (1-— 4 mTo 16E0 oo
2 < ( v ) MfM(lf%wﬁﬂ)TJr 02 B 0 + B* 4+ 0" B 060" +

2m 62 B
- L (50)
M — M(1 — 20m8%)T
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Finally we combine Eqgs. (8) to (50) so

- 20Ym6” 20 Ymd°
E||U}£,If+1) cmHQ < (1 _ n,yT)(kJrl)THw'sr?) _ Cm||2 + A((l _ %)(k+l)T _ eXp(—2R62A0(k‘ + 1)))

20Ym 6% B
M = M(1— ZnaByr

(61D
Since it is trivial to check that both induction hypotheses hold when & = 0, Theorem []is proved.

A.1.3 Deferred Proofs of Key Lemmas

Lemma 1.

Proof. For simplicity, we abbreviate the model weights u),(ff ) by w,, in the proof of this lemma. The
n-th E step updates the weights II by

(k)
LUty — _ Tem exp[~E(y)~p, (wn' z —y)?] (52)
Yo Wég, exp [—E(z’y)NDE (W T — y)z]
)
k
ey __mem el = pul6°) 5
Tem * = (k) / 252 (53)
Z'm/ Tem! eXP[*“wm - /u’t” o ]
> men exp(~(8 — r)*0?) (54)
i exp(— (8 = 1)20%) + X Mo, exp(— (o + 7)262)
Tom
2 (k) (k) (55)
Tem + (1 — Tem,) €xp ( —(B%2—a?—-2(a+ B)r)52)
O
Lemma 2.

Proof. Notice that local datasets are generated by X, ~ N(0,621"<>*%) and y, = X, e + €, with
€ ~ N(0,02). Therefore,

[l = e = [Jwl) = cm — mege]|? (56)
9 2
— {lp®) _ 2 T t) _ 21 T 12
= 0¥ — cp, Mo Zﬁ:mmXe X (09 — o) + o Z(;nmxe el (57)
= ||y — em — Gell® + 0illge — Gell” + 20 (we — o — Gt Gt — 1) (58)

where g, = 2 >, ﬂemIE(XeTX@)(HS,)l — ). Since the expectation of the last term in Eq. is

zero, we only need to estimate the expectation of ||12),(fl) — Cm — ne0¢||? and [|g; — g¢|%.

||’Lz}’£7t7,) —Cm — ﬂtf]t“2

. An} 4n .
= ||w7(7? - CmH2 + Tgt WemE(XZXe)Haftzm - /~Le||2 - n*t Zﬂ'em<w£ﬁ) - CmvE(XZXe)(eéQz — He))

€

= ||UA’7(7? — eml® + 40} 6° Zﬂemugg% — prel|® - 477t<w££) — Cm, Zwem52(0g¢)z — pre)) - (59)

Cy
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= —dn, Zwem (0} — 005, 82085, — pe)) — dmy Zwemwéﬁ — Cm, 02(05), = pie))
< 4Zw = O 48 3 e 65, = el = 40?3 w065~ el
— 41402 Tem (pte — cm, O, — pie)
Cs
Since 7, < 13z,
]E||“77(7? — e — medi?

(60)

(61)

(62)

< EHUA)?(%) - Cm||2 + (85477152 - 4771552) ZWemEHGS% - MSHQ + 4Z7TemEHw7(v? - 9?721”2 + s
€ €

<SE[af — eml® = 206° Y wemBIOL), — pel® + 4> wemEldS) — 0917 + Co

Note that

Z ﬂ'emEHQSL — pell?

= > wemBI0D), — pel® + D memEl6%), — pell?

e€Sm eZSm

2 Z 7Tem(]E||9$7)1 —cm* 20 + %) + Z Wem]EHQéQL — pel?
e€Sm eZSm

= Z 7rem(]E”w%) —cm® + E||1D£rtz) - QSLHQ +2r +7%) + Z ﬂ'emEHegQL — pell?
e€ESm eZSm

And since w(t) E>, nemoét,,’l, we have

AE Y mem [l — O < AR om0 — 000,

t—1
<A Mo (T — 1)EZm I~ XTX (O = ne)ll?
e t’
< 16n2E(T — 1)%5*.
Thus,

Edfy) — em —mgel® < (1 - 21,87 Zﬂem Ell@y) — el + 1677 B(T — 1)

(63)
(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)

*2771552 Z 7TemIE||9mn - N6||2 - 4777552 Zﬂ'em em — ey He = Cm)

eZSm,

C3

Since

Cs < 2m8° Y Temlpe = ol = 4m6* Y mem |0 + pellz e — cmll
ZSm e€Sm

< 2nt62E(1 -p)+ 4162yt
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we have
Bl —cm—m0e)1? < (20:0%ymp) B0 — |2 +1602 B(T—1)26% 420,62 E(1—p) +4n.6 2y

(75)
Notice that
Ellg: — g:lI> = EZ 7Tem|| (XTI X —E(XT X)) (0%, — pe)l|® +EZ ZwemHX el
dne dn,
ne e
SO
El[$ ™) — el < (1= 2009mpd®) B[00 — |3 + 1:A1 + 0} As (77)
where
Ay = 46%y,r + 202 E(1 — p) (78)
and J
Ay = 16E(T — 1)%6* + O(—)E(6* + 6%0?). (79)
]

A.2 Convergence of Models with Smooth and Strongly Convex Losses (Theorem 2)
Here we present the detailed proof for Theorem [2]

A.2.1 Key Lemmas

We first state two lemmas for E-step updates and M-step updates, respectively. The proofs of both
lemmas are deferred to the Appendix [A.23|

Lemma 3. Suppose the loss function Lp,(0) is L-smooth and ji-strongly convex for any cluster m.

(k) _ . % vER :
If |lwm’ —wik, || < ToivE " A for some A > 0, then E-step updates as
* e
k) > Sl . (80)
T w0+ (1 — 7)) exp(—pRA)
For M-steps, the local agents are initialized with 0‘(9% = wgf ) Then fort =1,...,7 — 1, each agent

use local SGD to update its personal model:

0((31;}4{1) =0Ocm — ntgem( em) = 9 — 77tv Zf em Z)) (81)

To analyze the aggregated model Eq. (EI) we define a sequence of virtual aggregated models w(t).

(t) i Wemegzz
w,,) = e SR (82)
e=1 Ze’:l Te'm
Lemma 4. Suppose for any agent e € S,,,, its soft clusterlng label w§m+ ) > p. Then one step local
SGD updates ﬁ)%) by Eq. , if the learning rate n; < m.
Ellof " — w3 < (1 - neAo)E[05) —wp, |5+ meAs + 17 Ao (83)
where 5 7
YmPH
Ay = —— 84
0= T+ L (84)
2G G( p)E 6 9
Ay =27, Lr 4L + + O(r). (85)
1 \ . . ( g 7)+007)
4E(T —1)°GL? Eo?
4, = 1 M) + = (86)
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Remark. Using this recursive relation, if the learning rate 7 is fixed, the sequence wﬁfﬁ” has a
convergence rate of

Elfiyy) — wh,|* < (1= n40) Bl — wy, |* +nt(Ar + 1), (87)
Note that the error floor Ay = O(T?) where T is the number of local SGD rounds. Therefore, we

choose the learning rate 7, < min(m, %) so that the error floor is independent from the
number of local SGD iterations 7.

A.2.2 Completing the Proof of Theorem

Theorem 2} Suppose loss functlons have bounded variance for gradients on local datasets, i.e.,

Bz~ [V, y;0) — VL(0)||3] < Assume population losses are bounded, i.e., L. €
G, Ve € [E]. With initialization i = + and Hw —wi | < I\Cl} — 1 — Ay for some Ay > 0,
if each agent chooses learning rate n < min(2(u+L) TS/Q) the weights (I1, W) converges by
1
(k) > vVt € Sp, 88
Tem = 174 (M — 1) exp(—puRAn)’ (88)
Ellw® —wp,[|> < (1 =) (Jw® —w?,|? + B) + _ndc (89)
m m = m m 1— (1 — UA)T
where k is the total number of communication rounds, and
gl GOIDTECE + ) o0
M op+ LT (1=nA)T —exp(—pRA,)
2G AEGL?B? Eo?
C:n1/352/3(2,ymL,’, 7—’-0(7"2))-{- ﬁ +n4/362/3 o - (91)
\ u H Te

Proof. The proof is quite similar to Theorem 5 for linear models: we follow an induction proof using
Lemma 4 and Lemma 5. Suppose Eq. (88) hold for step n. Then for any ¢ € S,y,,

(k)

(k+1) Tem
Tem 2 O (1= 7)) exp(—uRA) 2
1
> 93
T 14 (M — 1) exp(—pRAn) exp(—uRA,,) ©3)
1

21+ (M — 1) exp(—puRA(k + 1)) o

We recall the virtual sequence Wy, (") defined in Eq . Models are synchronized after T rounds of

local iterations, so w(kﬂ) = AT(,T ). Thus, accordmg to Lemma ,
Ellwii ™ — wh|* = B — w), | (95)
<(1- 17140)T1E|\w('“> wi|1* + nT(A1 +nAs) (96)
. AC
< (1-ndg)” ((1 — AT (Ellw) — wy,|*) + B((1 = nA)*" — exp(—uRAk)) + l_gw) + T (A1 + nAz)
97
< (= nA) OB w1 ) B - 1) - expl-urBok) + 0 LD Gy S
Fy
_ v nAC 2G 2 2
+(1=nA)" 0 AT + 0T (2ym L1/ " +0(r?) + 1T A, . (98)
Fa
For F}, we use the fact that
1
r(EFD) > >1— (M —1)exp(—pRA(N — 1)),

em 14+ (M )exp (/J/RAo(k"f' 1))
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S0
G(M — 1) exp(—pRAgn) 6

< (1— T _ kT _ _
Fi < (1=nA)"B((1 = nA)* —exp(~pRAn)) +1 P UL+ —7)
99)
= B((l —nA)FFOT _ exp(—uRAmz)) (100)
For F5, since n < T§/2 , we have

A [2 AEGL2B? Eo?
FR<(1- nA)Tn_OnA)T + '3 8%/% (2 Ly 7G +0(r%) + % + 774/%2/3770

1-(1 ;
(101)
nAC
= - 102
(AT o
Combining F; and F> finishes the induction for Eq. (89). O
A.2.3 Deferred Proofs of Key Lemmas
Lemma 3.
Proof. According to Algorithm ]
20
T = — - o (103)
k) 4 Dot m Winz, exp (Eé(x y;wn) — El(x,y; w,%))
(k)
= (k) (k) - (k) (k) (104)
Tem + (1 — Tem,) €Xp (maxm/,gm(ﬂpt (wm’) — Lp,(w,,/ )))
Since L p, is L-smooth and p-strongly convex,
L
L (wid)) = Lr (wly)) < Flwl = 07> =l - 9*||2
L R
2 i+ xf 2 h f
< _JuLRA + & “A2 < —uRA. (105)
Combining Eq. (T04) and Eq. (I03) completes our proof. O
Lemma 4.
Proof. We define g(t) Yo Temm e Z Ve(hg,,, (x (z)) (Z)) and g(t) Yo ﬂemVE(F)g%).
Elldf ™ —w|? = Bl — w;, = gml|? (106)
= Ell@f) —wy, — ma) |I* + n; EHg(t) awl?
+ 2 E(wly) — wi, =9, 95 — 9%) (107)
= Efjwy) —wy, —mgly) || +mEllg“> a1 (108)
The first term can be decomposed into
H’LU ® _wm 779m)H2 || 0 _wm||2+77t||g ”2 77t< ® _wm5g£rtz)> (109)
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Note that

9517 < meuw (65011 (110)
< grtL) ;kmg'SrtL - Zﬂ'em em() Zﬂ'em em_w VE (ng»
(111)
We further decompose the two terms in Eq. (ITT)) by
1
=2(i) — O, VL(OG)) < i) — O+ |V Le(0) (112)
t
and
(B0 = why, VLOG)) = (00, = why, VL)) = VLe(w))) + VL (w2168, — why 2.
(113)
1
> 0L —wi||* + ——VLOL), — VL(wi)|? + || VLe
> u+L” w7+ u+L” (O (W DI + IV L (wy,
(114)
Therefore,

) 120108, =y [l2.

L
EllaCHD — w* 12 = Elld, — w* 112 — 2 H K 9 _ u* |2 nE 56 _p) 12
||wm me Hwt wm” UtquL ;ﬂ- || em wm” +¥7‘l’ me em”

E1 E2
+ (208 3 memBIVL O — 21 —Zwemmnvc (69) = VL)1)
E3
+ 2B Y w08 — whlla - VLl o + PENg®) — o).
N————
e Es
Ey
(115)
O
Ey = Elji, — w||* — 2m —E(Zwemnw w2+ 3 Fem 10 — 012)
2nepLpym t) %2
<(1l—-———)E — FEs. 116
< (1= =B ) -l + By (116)
= Ezﬂem”mg) - 9«(3?1”2
—E Y Tl (w0 — 00)) + (61, — wi)|*
< Ezﬂemn(wsg) - 9.«(3%)”2
t—1
< Z%(T— 1>EZ 1 g (64)
2 2L2

I
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= 2 M O () ] VL (w;)|?
E3 2E§W€m((nt ﬂ+ L)Hv‘ce(aem)H + ,U,+ L<V£e(06m)7v£e(wm)> 77 +L )

1 1 IVL(050) 1>
< (t) 2 (t) * LB St L
< 2nE Ee ﬂem(2(u s IVL(OS)N1° + o L(Vﬁe(ﬁem),VEB(wm» )

w+ L
IV Le(wy)II?
= O it L
L2r? 2G
<677t Z Tem——F +677t Z Tem ™7 1y
e€Spm, +L eZSm, (M+L)
G(1-pFE

< n:O(r?) + 6my (118)

plp+L)

Ey=20E Y wenll00) —willa - IVL(w)) |2 +20E Y memll68, = whllz - IV Le(w]y) 2

e€Sm, eZSm
[2G 2G

< 2nyymLr 7 +2n:(1 —p)EL- 7 (119)

- nfE”gm - gnL)||2
i 2
< mEH Zwem( Zw @), 5 = L8|
2

< ntE— (120)

E

Combining Eq. (T16) to Eq. (I120) yields the conclusion of Lemma ]

B Fairness Analysis

B.1 Proof of Theorem[3|

Proof. Let the first cluster m; contain agents 1, . .., tp—1, while the second cluster contains only
the outlier yg. Then, fore=1,...,F — 1,

E-1 2
26'21 He’

_ 52
Ee(Wpm,) =10 1

< 6% (121)

He —

And for the outlier agent, the expected output is just the optimal solution, so
Ep(wm,) =0 (122)
As aresult, the fairness of this algorithm is bounded by
Fu(P) = max (I, W) — &(ILW)| < §2r2. (123)

,j€[E]

E
25:1 He

On the other hand, the expected final weights of of FedAvg algorithm is wavg = i =
the expected loss for agent e shall be

, SO

E (o p)np. (£(®)) = Eprn(0,.02 1), cnn 0,00 (1] 7+ € = 172)%] = 0% + 6 e — a|* (124)
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The infimum risk for agent 1 is o7, and after subtracting it from the expected loss, we have

El(wavg) = 52“#1 - ,L_"||2

_ 52HM _ 25;11 M1 le
! E E
E—1 g —pely?
(e )
=\ TE TR
E—-1 R+r
< §2(r. 2 _ 2 Y 12
< o4(r E+E) 5(7‘+E) (125)
However for the outlier agent,
Epp (Wavg) = 0%l ue — fl]® (126)
E_1 TE-L 2
=4 — ===l 127
E ME i (127)
E—1\2
> 2 2
> (=) @R (128)
Hence, ,
R*(E —-2)—-2R
Farg(P) = €5 (ang) = E1(Wavg) = 8% ( E> L r?) (129)
O
B.2 Proof of Theorem ]
Proof. Note that the local population loss for agent ¢ with weights 6 is
£:(6) = [ pite.0)e(fn(o).p)dody. (130)
Thus,
wwn—@@wz/m@m—mwy»aMWMMMy (131)
<G- / pi(@,y) — p;j(z,y)|dzdy < Gr. (132)
Hence,
Li(07) < L;j(07) + Gr < L;(07) + Gr < Li(0;) + 2Gr. (133)
For the cluster that combines agents {1,...,F — 1} together, the weight converges to

0 = 5 2P 07 ThenVi = 1,...,E — 1, the population loss for the ensemble predic-
tion

E-1
0*
com - c(%)
< T — Z Li( (135)
< Li(67) + ;;err (136)
Therefore, forany ¢ =1,...,7T — 1,
2Gr
II) < 1
AC )_Efl (137)
Since &7 (0,11) = 0,
2Gr
Fem(W,1II) < 1 (138)
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Now we prove the second part of Theorem [ for the fairness of Fedavg algorithm. For simplicity,

we define B = QGT in this proof. Also, we denote the mean of all optimal weight § = % and
9 ZE 1 0*
St

Remember that we assume loss functions to be L-smooth, so

Lp07) < Lp@)+ (VLR(@),0f —0) + He’ 0. (139)

Taking summation over¢ = 1,..., F — 1, we get

1 E—1 E—1 LEfl
n' - >k _ n’ _ - n’ _ X 2
Lp(@) > El(;cm (VLe( ; (0:-0)) -3 ; 1= 6:2) 140

1 E—1 =
=512 et =5 LI - l’) (141)
ZL‘E(HTE)JFR—%. (142)

The last inequality uses the u-strongly convex condition that implies

B> Li(0) - Li(67) > 5116/ — 6] (143)

By L-smoothness, we have

Lp(0) < Lp@)+(VLE(0),0 —0) + gllé’ —9)*. (144)
Lp(0%) < Lp(0)+ (VLE(0),05 —0) + éuog — 0> (145)

Note that § = %, we take a weighted sum over the above two inequalities to cancel the dot

product terms out. We thus derive

(E—1Lp(0) + Lp0F) — 5(E - 1|0 — 0] — £[l05 — 0]

Lp(0) > 5 (146)
- T(R—T—W) + Lp(0%). (147)
Note that Lg(+) is u-strongly convex, which means
R= =22 £o(0) ~ Lo(05) = 105~ 0 (148)
SO
£o(0) 2 (1= =) (R 22) + L1 (0}). (149)
And
Ep(0) > (1 - u%) %(R - %). (150)
On the other hand, for agent: =1,..., F — 1 we know
Li(0) < L0+ <V£i(0”),9’—é’>+§|\§—§’||2. (151)

By L smoothness,

_ _ 2B
IVLi(6")]|2 < L||6" — 67| SL\/? (152)
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So

_ 2B [2(R—-%£%)1  L(R—-£F)

. < L.(0F B L. =— B © 1

Li(0) < Li(0]) + B+ . . 7+ B (153)
. 2L LB, LR-%P)
. < -~ i — H
Ei(0) < B+ B B(R p )+ e (154)
In conclusion, the fairness can be estimated by
Favg(P) > Ep(0) — £1(0) (155)
E-1 L L(E-1) L2 2L L

>l —= R (1 - B——/B(R——B 1
- ( E uEz)R ( * uE /ﬂE) uE (R i ) (159
O

B.3 Proof of Divergence Reduction

Here we prove the claim that the assumption L (67) — Lg(6};) > R is implied by a lower bound of
the H-divergence [37].

L
Dy (Pe,PE) > LR (157)
4p
Proof. Note that
DPP—1'£9+£0+1<£9*+£9* 158
1(PePr) = 5 min (Lo(8) + Li(0) ) + 5 (£c(62) + Lo(0h)) (158)
1/, 07 +0% 0* + 0%, 1 ) )
< (LB + Lo(=7E)) = S (a0 + Lo0})  (159)
1 1 0%, — 6*
< Z = E e (12
<5 % GLIZE 223 x 2 (160)
1
= gLlox - 03 (161)
Therefore,
*x _ nx||2
Lp(0)) — Le(0E) > M (162)
18Dy (Pe, Pr)
D> —— = .
= 17 R (163)
0

C Experimental Details
Here we elaborate more details of our experiments.

Machines. We simulate the federated learning setup on a Linux machine with AMD Ryzen Thread-
ripper 3990X 64-Core CPUs and 4 NVIDIA GeForce RTX 3090 GPUs.

Hyperparameters. For each FL experiment, we implement both FOCUS algorithm and FedAvg
algorithm using SGD optimizer with the same hyperparameter setting. Detailed hyperparameter
specifications are listed in Table [2] for different datasets, including learning rate, the number local
training steps, batch size, the number of training epochs, etc.
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Table 2: Dataset description and hyperparameters.

Dataset # training samples ~ # test samples E M  batch size learning rate local training epochs  epochs

MNIST 60000 10000 10 3 6000 0.1 10 300

CIFAR 50000 10000 10 2 100 0.1 10 200
Yelp/IMDB 56000/25000 38000/25000 10 2 512 Se-5 2 3

D Broader Impact

This paper presents a novel definition of fairness via agent-level awareness for federated learning,
which takes the heterogeneity of local data distributions among agents into account. We develop FAA
as a fairness metric for Federated learning and design FOCUS algorithm to improve the corresponding
fairness. We believe that FAA can benefit the ML community as a standard measurement of fairness
for FL based on our theoretical analyses and empirical results.

A possible negative societal impact may come from the misunderstanding of our work. For example,
low FAA does not necessarily mean low loss or high accuracy. Additional utility evaluation metrics
are required to evaluate the overall performance of different federated learning algorithms. We have
tried our best to define our goal and metrics clearly in Section 3} and state all assumptions for our
theorems accurately in Section [ to avoid potential misuse of our framework.
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